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DIFFERENTIAL OPERATORS ON THE LOOP GROUP VIA 

CHIRAL ALGEBRAS 

S. ARKHIPOV AND D. GAITSGORY 



0. Introduction 



0.1. Our motivation for writing this paper was twofold. On the one hand, we are 

trying to make sense of the notion of D-module on some infinite-dimensional variety 

v«-/ I attached to an algebraic group, and on the other hand, we study the structure of a 

■^ ■ certain interesting representation of the corresponding affine algebra. 

r~| ■ First, we will explain the representation-theoretic side of the picture. Thus, let G be 

an affine algebraic group with Lie algebra g. For simplicity, in the introduction we will 

assume that G is unimodular. 

Consider the group-scheme G[[t]], which classifies maps of the formal disc T) = 

Spf(C[[t]]) into G. In addition, given an invariant symmetric form Q : (8) g — > C 

►^ . one can consider the affine Lie algebra Qq '■= Q{{t)) (B C As a subalgebra it contains 

[~-^ I Q[[t]], which is the Lie algebra of G[[t]], in particular, the ring of regular functions 

^D ' ^Gfftll ^^ ^ 0[[t]]-module, via the action by left-invariant vector fields. Let us consider 

Q> I the induced module over the affine algebra Vg,q := Ind ]^n,„J^(0G'[[t]])• 

3t ' It turns out that, in addition to being just a gg-module, Vg,q possesses several other 

f~^ . structures and the goal of this paper is to study them. 

The initial observation is that Vg,q has a natural structure of a vertex operator 
algebra. In this paper we will adopt the language of chiral algebras, rather than vertex 
operator algebras, and the above assertion reads as follows: on every curve X there 
exists a chiral algebra Sg,q ^-nd for a point x a X, there is an isomorphism between 
^G,Q and the fiber of S)g,q at x for every choice of a local parameter at x. 
S^ . In fact, the gg-module structure on TIg.q comes from an embedding of chiral algebras 

[ : Ag^Q — > T>G,Q, where Aq^q is the (Kac-Moody) chiral algebra canonically attached 



to the pair (0,(5), cf. Sect. 3.1 



Here comes a crucial observation, which is the main result of this paper: 

It turns out that in addition to [, there is another embedding of chiral algebras 

r : Ag^Q' -^ S)g,Q! where Q' = —Q — Qq, where Qo is the Killing form. 

Moreover, the embeddings I and r commute with one another in the appropriate sense 

(in the chiral terminology, they *-commute) . On the level of representation theory, this 

means that on Vg.q there is an action of Qqi , which commutes with the initial 0Q-action; 

the induced action of the subalgebra Q[[t]] C 0q' comes from the natural 0[[i]]-action 

on Ocfftll by right-invariant vector fields. 

0.2. Now, let us explain the algebro-geometric meaning of the module Vg,q and of 
our constructions. 
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2 S. ARKHIPOV AND D. GAITSGORY 

Let Z be an arbitrary affine smooth variety and let ^((t)) be the ind-scheme that 
classifies maps of the formal punctured disc to Z . 

One may wonder whether it is possible to define the notion of D-module on Z((t)). 
The general answer in still not clear, however, a partial solution has been proposed by 
Beilinson and Drinfeld: 

One can single out a class of chiral algebras, which can be called chiral algebras of 
differential operators (CADO) corresponding to Z (cf. Sect. ^). Given a CADO S)^, 
one can consider the category of chiral modules over it, which will be a candidate for 
the sought-for category of D-modules. For example, the vacuum module, i.e. the fiber 
of 1)z at some point x (^ X, corresponds to the (5-function on the subscheme Z[[t]] 
inside Z{{t)). 

We remark that the same class of chiral algebras was independently discovered in 

§• 

A priori, there is more than one CADO that corresponds to Z (or maybe none) and 
one thus obtains nonnequivalent theories of D-modules. Note that even in the finite- 
dimensional case, along with ordinary D-modules one can consider twisted D-modules, 
and the corresponding categories would not be equivalent in general. The essential 
complication of the infinite-dimensional situation (which we view in terms of chiral 
alebras) is that there is no preferred (i.e. zero) twisting. 

Now let us take Z = G. In this case, it turns out that a choice of a form Q : q^q ^ C 
determines a specific CADO, which will be our ©CQ- In particular, in Sect, g we will 
show that when Q = 0, the category of chiral ©cQ-niodules is indeed close to what 
one might call the category of D-modules on G((t)). 

Let us now explain the geometric meaning of the chiral algebra maps [ and r men- 
tioned above. The embedding [ corresponds to the embedding of fl((i)), identified with 
left-invariant vector fields on G{{t)), into "the ring of differential operators", and its 
existence follows fro the construction of ^g,q- 

The embedding t corresponds, on the heuristic level, to the embedding of 0((t)) into 
differential operators by means of right-invariant vector fields. However, the fact that 
©CQ is attached to G non-canonically results in an anomaly: in the formula for r a 
non-trivial correction term appears; in particular, the initial quadratic form Q gets 
shifted by the Killing form. 

0.3. What we said above summarizes the main results and ideas of this paper. Finally, 
let us mention one more property of Vg,q, which has to do with the semi- infinite 
cohomology of 0((t)). 

Consider the affine algebra Q-q^ corresponding to the Killing form of g. Recall that 
if A^ is a module over Q-Qq (we are assuming that 1 G C C Q-Qq acts on N as identity), 
it makes sense to consider its semi-infinite cohomology with respect to 0((i)), denoted 
Hf+^(0((t)),Ar). 

In particular, if M is a module over qq for some Q, the embedding r defines on the 
tensor product N := M ^ '^G,Q a structure of a module over 0_Qq, via the diagonal 
action. In addition, this tensor product has a commuting 0Q-module structure by 
letting 0Q act only on Vg,q via L 
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Therefore, the semi-infiiiite cohomology H~"'' (g((t)),M (8) Vg,q) is naturally a qq- 
module. In the last section we prove that, under the assumption that M is G[[t]]- 
integrable, there is a canonical isomorphism of gg-modules: 

Hf +^X0(W), M ® Yg,q) ^M® H'=(0, C). 

Therefore, up to the ordinary Lie algebra cohomology, VcQ behaves "as a regular 
representation" with respect the operation M i— > H'2"(g((t)),M ®Vg,q)- 

Let us remark in conclusion, that by taking instead of the vacuum module Yg,q 
another chiral module over ^g,q (corresponding to the Iwahori subgroup of G{{t)), 
rather than to (^[[i]]), one could eliminate the appearance of H (0,C) in the above 
formula. In the terminology suggested by B. Feigin, a Qq-Qq' bimodule with this 
property should be called a semi-regular module over the affine algebra. 

0.4. Let us briefly explain how the paper is organized: 

In Sect. 1 we review the basics of the theory of chiral algebras. 

In Sect. 2 we introduce the Beilinson-Drinfeld formalism of chiral differential oper- 
ators. 

In Sect. 3 we present the construction of our main object of study, i.e. the chiral 
algebra ©CQ- 

In Sect. 4 we prove the main theorem about the existence of the embedding r. 

In Sect. 5 we discuss issues related to semi- infinite cohomology. 

In the Appendix (Sect. |6|) we study the relation between the category of chiral Sg,q- 
modules and "actual" D-modules on the loop group G{{t)). 

0.5. Acknowledgements. We would like to express our deep gratitude to B. Feigin 
for explaining to us his idea that the semi-regular module over the affine algebra should 
possess a structure of vertex algebra. 

All we know about chiral algebras we learned from A. Beilinson. In particular, our 
paper uses the unpublished treatese on chiral algebras [g], and in the Appendix we use 
another unpublished work of Beilinson and Drinfeld, namely [^. |j 

When this paper was in preparation, we received a preprint by V. Gorbunov, F. Ma- 
likov and V. Schechtman, in which results similar to ours were obtained; we thank 
V. Schechtman for this communication. 

0.6. Notation and conventions. For a scheme Z, Ox (resp., Tz, ^z, Dz) will denote 
the structure sheaf (resp., the sheaf of 1-forms, the sheaf of differential operators) on 
Z. 

We will work with a fixed smooth algebraic curve X over C. For n > 2, j„ will denote 
the (open) embedding of the complement of the diagonal divisor in X"; A„ will denote 
the (closed) embedding of the main diagonal X -^ X"; the subscript n will sometimes 
be omitted when n = 2 and no confusion is likely to occur. 

Our main objects of study will be D-modules on X or X". Normally, we will work 
with right D-modules; for a right D-module M on X, we will denote by M^ the cor- 
responding left D-module, i.e. M ~ M' ® ^x- For two right D-modules Mi and M2, 



^Although unpublished, the above manuscripts are available electronically, cf. our list of references. 
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! 

we will denote by Mi (8) M2 their D-module tensor product, i.e. as an Ox-module 

I 

Ml (g) M2 ~ Ml (g) M2 (g) ^x^. 

De Rham cohomology. Let M be a right D-module on X^, where X^ is either an 
affine curve, or a formal (resp., formal punctured) disc. It then makes sense to consider 
the 0-th De Rham cohomology of M on X^. By definition, DR{X^,M.) is a vector 
space equal to M/M • T^o. We will denote by h the natural projection h : T{X^,J\{) -^ 
DR{X^,M). 

Let M be a right D-module on X and consider its direct image A!(M) under A : 
X ^ X X X. Then the 0-module direct image of A!(M) under p2 : X x X ^ X is 
naturally a right D-module on X and it surjects by means of the residue map onto its 
D-module direct image, the latter being isomorphic to M itself. Since this map is a 
version of the De Rham projection, we will denote it by (h M id) : Ai(M) -^ M. 

1. Chiral algebras 

1.1. Definition. We begin by recalling some basic definitions from the theory of chiral 
algebras. 

A chiral algebra over X is a right D-module A endowed with a chiral bracket, i.e. a 
map 

{■,-}:jJ*iAMA)^Ai{A) 
which is antisymmetric and satisfies the Jacobi identity in the following sense: 

Let M be a D- (or 0-) module on X" equivariant with respect to the action of 
the symmetric group S"'. (The examples are A , jn*Jn{-^ )j A„!(>1), etc.) For an 
element a € Sn, we will denote by the same symbol a its action on the space r(X", M) 
of sections of M. 

Let us denote by {{ •, •}, •} the map 

J3^Jl{AMAMA) ^'^"^ (A2 M id)!(j2*i2*(-^ ^'^)) ^ (^2 K id)! ° ^2\{A) ~ A3!(yi). 

We must have: 

• Let a be the transposition acting on X x X. Then for a (local) section a of 
j.fiAMA), 

a{{;-}{a)) = -{;-}{a{a)). 

• Let o" be a cyclic permutation a acting on X x X x X. Then for a (local) section 
aofJ3^j^{AmAMA) 

{{ , •}, •}(«) + a-\{{ , •}, •}(a(a))) + a-\{{ , •}, -Ka^a))) = G A^,{A) 

A unit in a chiral algebra A is a map 0,x -^ A such that the composition 

j.fiQx (S)A)^ j.fiA (E)A)^ A^XA) 

! 
is the canonical map j*j*{^x '^ A) ^ A\{^x (g ^) — A!(yi). 

As in the case of associative algebras, a unit, if it exists, is unique. In all our 
examples, chiral algebras will have a unit. 
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For a point x € X, let DR(T)x,A) (resp., DR(T)'^,A)) be the De Rham cohomology 
of A over the formal (resp., formal punctured) disc around x. Both DR{T>x,A) and 
DR(T)'^,A) are topological Lie algebras. The latter is sometimes called the local com- 
pletion of A at X, denoted Ax^ioc and it contains the former as a subalgebra (provided 
that yi is X-flat). 

Let Ax denote the D-module fiber of ^l at x. Then Ax is naturally a module over 
DR(T)x,A), called the vacuum module. Note that we have a short exact sequence of 
vector spaces 

-^ DR{T>x,A) -^ DR{'D*x,A) ^ ^l^ ^ 0, 

where the last arrow is given by the action of DR{T)x,A) on the unit element Ix G Ax- 
Loosely, speaking, the chiral algebra structure on A is completely determined by the 
action of DR(T)x,A) on Ax- 

A chiral module over a chiral algebra ^l is a right D-module M endowed with an 
action map act : j*j*{A Kl M) — > A!(M) such that: 

• Let a be the transposition of the first two factors in X x X x X. Then for a 
(local) section m of js^j^iA MAM M)) 

acto(idKlact)(a) - cr~^ (act o(idKl act) (o-(a))) = acto({.,-} Klid)(a) G A3!(M). 

• The composition j*j*{Qx Kl M) ^ j*j*{A MM) ^ Ai(M) is the canonical map 
i.j*(OxKM)^A!(M). 

For X e X, let Mx denote the D-module fiber of M at x- Then DR{'Dl,A) (and 
hence DR{T>x,A)) acts on M^ in a natural way and this action is continuous with 
respect to the (only natural) discrete topology on Mx- 

Note, that a chiral module need not be flat as on Ox-module. In fact, we will be 
particularly interested in chiral modules supported at a point x G X- If M is such a 
module, its D-module fiber at x is of course 0, and instead we will denote by M^ the 
vector space such that M = ix'.iMx), where ix denotes the embedding of the point. 

1.2. Commutative chiral algebras. Let S' be a left D-module endowed with a 
commutative and associative multiplication map S' !B' — > S' and a unit Ox -^ '33', 
both respecting the D-module structure. Such S' is a called a (commutative associative) 
D-algebra. 

Let !B be the corresponding right D-module, i.e. "B = S' (^i ^x- We obtain a map 

{•,•}: J*f{'^ K S) ^ AKS ^ S) ^ A!(S) 

and we leave it to the reader to check (or, alternatively, consult Q) that it satisfies the 
axioms of a chiral bracket. 

Moreover, in loc. cit- it is explained that S' i-^ S establishes an equivalence between 
the category of (com. assoc.) D-algebras and the subcategory of chiral algebras for 
which the chiral bracket { •, •} factors as 

j^j*{AMA) -^Ai{A®A) ^ A,(yi). 
Note that the latter condition is equivalent to the fact that the composition yiKiyi -^ 
J*J*iA MA) — '-^ A\{A) vanishes. Such chiral algebras will be henceforth referred to 
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as commutative. (More generally, for an arbitrary chiral algebra A one says that two 
sections ai, 02 G A *-commute if { •, ■}{ai Kl 02) = 0.) 

The simplest way to produce a D-algebra (and hence a commutative chiral algebra) 
is as follows: Let M' be a left D-module and let S' be the symmetric algebra S' := 
SymQ^(M ). We will say that a D-algebra is finitely generated if it is a quotient of a 
one of the above form for a finitely generated D-module M . 

Let C be a quasi-coherent sheaf of (com. assoc.) algebras on X. We define a D- 

algebra J(C)' as a quotient of Sym^ {Dx ® C) by the ideal generated by (1 (g) ci) • (1 (8> 

Ox 

C2) — (1 ® ci • C2) and (1 (8> 1) — 1. This J(C) is called the jet construction of C and it 

has the following universal property: for a D-algebra !B , 

In other words, J is the left adjoint to the forgetful functor from the category of D- 
algebras to the category of quasi-coherent sheaves of algebras. It is easy to see that 
J{Qy is finitely generated if C is. 

Let "B' be a D-algebra and x £ X a point (we will denote by kx the residue field of 
X at x). Let 'B^ be the D-module fiber of S' at x. By definition, as a set Speci^Bx) 
consists of all Oa;-algebra homomorphisms 'B'^ —^ kx- It is well-known that for a left 
D-module M' on X, 

Homo^(M',fc^) = Homz)^(M',6^). 
Analogously, we have: 

Homo^(B',fc,) = Homz5^(B',6,), 

as algebras. Therefore, Spec('B^) consists of all flat sections of Spec(23') over D^,. 

In particular, if S' = J(C)', by the universal property, Spec(J(S)a;) consists of all 
sections of C over T)x, which explains the name "jets". 

1.3. Lie-* algebras. To proceed further, we need to recall the deflnition of Lie-* alge- 
bras. These objects are basic tools for constructing non-commutative chiral algebras. 

By definition, a Lie-* algebra is a right D-module L on X endowed with a Lie-* 
bracket { •, •} : L Kl L — > A|(L), which is antisymmetric and satisfies the Jacobi identity 
in the same sense as in the definition of a chiral bracket. 

A Lie-* algebra is called commutative if its Lie-* bracket is trivial, i.e. equals 0. 

A Lie-* module over a Lie-* algebra L is a right D-module M endowed with a map: 

act :LKM^ A!(M), 

which satisfies the condition identical to condition (1) in the definition of chiral modules 
over a chiral algebra. 

If L is a Lie-* algebra, the vector spaces DR{1)x,L) and DR{1)'^,L) are naturally 
topological Lie algebras. If M is a Lie-* module over L, then its fiber M.^ is a continuous 
module over DRiVx, L). 
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Here is a simplest example of a Lie-* algebra. Let g be a Lie algebra and let us 
consider Lg = q® Dx ■ Then the Lie bracket on q induces a map 

g(^Dx^9^Dx ^ Ai{g^ Dx), 

which is easily seen to satisfy the properties of a Lie-* bracket. 

1.4. The universal enveloping chiral algebra. There exists an obvious forgetful 
functor from the category of chiral algebras to that of Lie-* algebras: we compose the 
chiral bracket {■,•}: j*j* {AMA) ^ Ai (A) with the embedding A^A^ jj* {A K A) . 
(Note that the resulting Lie-* algebra is commutative if and only if yi is a commutative 
chiral algebra.) 

It is a basic fact that the above functor admits a left adjoint L >-^ li{L). In other 
words, for a chiral algebra A there is a functorial isomorphism 

Rom Lie- *iL, A) = RomchiraiiU{L),A). 

This li{L) is called the universal enveloping chiral algebra of L. 

We refer the reader to [^ or Q for the proof of the existence of this functor and of 
its basic properties, some of which are reviewed below. In what follows we will assume 
that L is flat as an Ox-module. 

By the universal property, we have a map L — > 'U(L). Hence, if M is a chiral 
module over U{L) supported at x G X, then Ma; is a continuous module not only over 
DR{'D^,L), but over the whole DR{1)l,L). 

Lemma 1.5. The above functor establishes an equivalence 

Chiral modules overli{L) supported at x <-^ Continuous modules over DR{T)'^,L). 

In particular, U{L)x is a Di?(I'*,L)-module. 

Lemma 1.6. We have: 

U(L). :.Indqg;^;(C), 

where C is the trivial module over DR{T)x,L), in such a way that 

a) The generator in Ind^njrjfA^C) corresponds to the unit Ix E U{L)x. 

b) The embedding L -^ U{L) corresponds to 

Lx = DR{Vl,L)/DR{Vx,L) ^ Indg^|g;^J(C). 

Here is an additional property of the chiral algebra U{L) (||2|, Q|). 

Proposition 1.7. As a D-module, U{L) carries a unique increasing filtration U{L) = 
U 'U(-L), such that 

i>0 

a) U(L)o = nx 

b) The embedding L -^ 'U(L) induces an isomorphism U{L)i ~ il.x © L 

c) R is compatible with the chiral bracket in the sense that 

{;■}: j,f{U{L), m U{L)j) ^ A,(II(L),+,) 
{•,•}: U{L), M U{L), ^ A|(l[(L),+j_i). 
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In particular, the above proposition implies that gr(U(-L)) := © U{L)j/U{L)j^i is a 

i>0 

commutative chiral algebra. The map L -^ U(L) induces a map Sym(L) -^ gr('U(L)) 
and it is shown in B that an analog of the PBW theorem holds: 

Theorem 1.8. Sym(L) ~gr(U(L)). 

On the level of fibers, this filtration corresponds to the standard filtration on the 
induced module 

U{DR{Vl,L)) ® C =. Indggg'Jj(C) =. U(L),, 

coming from the filtration on the usual universal enveloping algebra U{DR{'D'^,L)). 

2. Chiral differential operators 

2.1. The case of an afRne space. As was explained in the introduction, the object 
of study of this paper is a chiral algebra Sg,q attached to a group G and a form Q on 
Q. This chiral algebra will be constructed as a chiral algebra of differential operators on 
G. In this section we will recall the theory of chiral differential operators, developed 
by Beilinson-Drinfeld and Malikov-Schechtman-Vaintrob, cf. [g|, Sect. 3.9 and Q. 

Let Z he a smooth affine algebraic variety and let C be the Ox-algebra Oz "X" Ox- 
Consider Z{Ox) '■= Spec(J(C)^). This is a scheme, which is a projective limit of finite- 
dimensional schemes Zi := Z{Ox/ml.), where nix C 0^: is the maximal ideal. 

Since the reduction maps Z{(Dx/fnx) -^ ^i^x/rn^sT^) ^^^ smooth, one can easily 
make sense of the category of left D-modules on Z{Ox)- by definition, this category is 
lim D-inod{Zi) . 

In addition, one can define the ind-scheme ZCXx), where OCx is the fraction field of 
0^: (cf. Q). In general, if one has an ind-scheme of ind-finite type (i.e. representable as 
a union of closed subschemes, each of which is of finite type) one can define the notion 
of a right D-module on it. However, Z{%x) is not of ind-finite type and it is a priori 
not clear that the theory of D-modules on it exists at all. 

Thus, the first obstacle in defining D-modules on Z{%x) is the fact that one cannot 
pass between left and right D-modules in the infinite-dimensional setting. Therefore, 
we will start by considering the example of Z = A", in which case this difficulty can 
be eliminated, and which will suggest the form of the solution in general. 

We emphasize that material that we are reviewing in this section is fully contained 
in |] and in @. 

Recall that if 1/ is a finite-dimensional vector space, then the category of left (resp., 
right) D-modules on V viewed as an algebraic variety is naturally equivalent to the 
category of left (resp., right) modules over the Weyl algebra, M^(y). By definition, 
W(y) is generated by elements v ^V , v* ^V* which satisfy the relations 

fl ■ t;2 = f2 • Wl, v\ ■ V2 = V2 ■ v\ 
V ■ V — V ■ V = {v,v }. 
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This definition can be generalized to the case when V is no longer finite-dimensional, 
but rather is a topological vector space, e.g. V := A"' (^ ^x- Note that in the latter 
case, the topological dual of V can be identified with the space of 1-fornis on D* with 
values in A*^, i.e. with A" Q,^ . 

Now, we claim that the category of continuous left modules over VF(A" ® "Xx) is 
naturally equivalent to to the category of modules supported at x over an explicit 
chiral algebra, called the Weyl algebra. 



Consider the Heisenberg Lie-* algebra 

'K' = ^x® Df e (Ox ® Dx)®"", 
where the only non-trivial component of the Lie-* bracket, 

Df m i^x ® Dx)®"" -^ A,([7x) and 

are given by means of the canonical element in 

BouiD^iDx M {nx Dx),A,{nx)) ^Bomo^{Ox^nx,Ai{nx)). 
Note that Z)i2(I'*, IK") is the usual Heisenberg Lie algebra 

(A" (g) i^) e (A" (g) Oj^j e c, 

where DRCD^jQx) is identified with C via the residue map. 

Consider the universal enveloping chiral algebra 'U(3i"). We have two different em- 
beddings of the D-module Ox into IX (3i"). One is the unit in 11 ([K") and another comes 
from Qx C Di". Let / be the ideal in U{'K'^) generated by the anti-diagonal copy of 

nx. 

Set W" = 1[(:K")//. We have the following: 

Proposition 2.2. The category of chiral V^^ -modules supported at x, is equivalent to 
the category of modules over the Weyl algebra VF(A" OCx). 



Proof. Using Lemma L5, we obtain that the category of W^-modules supported at x, 
is equivalent to the category of continuous modules over DR{T>*,'K^), on which 1 E C 
acts as the identity. However, these are the same as modules over W{A^ OCx)- D 

To conclude the discussion of the "fiat" case (i.e. Z = A"), let us make the following 
observation: Qx ® -D®" is contained in "K^ as a Lie-* subalgebra; hence, we obtain a 
map of chiral algebras U{Qx ^ D'^"') — > W". However, since Ox <8'-D^"' is commutative, 
^(Ox (g -D^") ~ Sym(L)^") (S) Ox, the latter being isomorphic to the jet construction 
of C = Oa" fg Ox- In addition, "K"^ contains as a Lie-* subalgebra D^"", and W" is 
generated by D^" and J(Sym(0^"')). This will be the form of the answer in general. 
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2.3. The Lie-* algebra of vector fields. Let C be a locally finitely generated quasi- 
coherent sheaf of algebras over X, such that Spec(C) is smooth over X. (In practice, 
we will take C = Oz ^ Ox-) Consider S' = J(C)^ In principle, our discussion applies 
to a more general D-algebra, but for simplicity, we will consider the above case only. 

Let Tq be the C- module of vertical vector fields on Spec(C). Consider the tensor 
product 

Be := Te ^ ( J(e)' ^ Dx). 
e Ox 

This is a right D-module on X and it carries an action of the D-algebra J(C) . In 
particular, we obtain a map 

jJ*{J{e) m Ge) ^ A!(J(e) Ge) ^ AKGe), 

which makes it a module over J(C), viewed as a chiral algebra. 

In addition, we claim that Gg has a natural structure of a Lie-* algebra over which 
J(C) is a module: 

Lemma 2.4. There exists a unique Lie-* bracket {■,•} : Gg M Gg — > Ai(Ge) and an 
action map act : Gg ^ Ji^) ~^ Ai(J(C)) such that 

a) The induced maps 

Te^Te^Ge^Ge^ A!(Ge) andTeM{(3^nx) ^Gg^ J(e) ^ Ai{J{(3)) 
factor, respectively, through the natural maps 

Te M Te ^'^^^^^ Tq ^ A,(Ge) and Te K (C Qx) ^'^''' C fix ^ A!(J(e)). 

b) They satisfy the Leibnitz rule in the natural sense. 

Let us try to give an intuitive view point on Gg. Consider a point in the fiber of 
Spec(J(C)') over x ^ X. As was explained in Sect. L2, it corresponds to a section 



b' : Vx —>■ Spec(C), which is the same as a flat section (p : V^ —^ Spec(J(C)'). We can 
view Ge as a coherent sheaf with a right -Dx-action on Spec( J(C)') and let us consider 
its pull-back with respect to (f) as a right D-module on T)x- 

Lemma 2.5. There is a natural isomorphism DR{1)x,4'*{Qe)) ~ r('Da., 0'*(Te)). 

Note that the RHS of the isomorphism of the lemma is canonically isomorphic to 
the vertical tangent space to Spec(J(C)') at our chosen point in the spectrum. 

2.6. The Beilinson-Drinfeld definition of chiral differential operators. For a 

smooth algebraic variety Z, let Dz denote the algebra of differential operators. By 

definition, Dz carries a canonical filtration Dz = U DV such that 

j>0 "^ 

1. For a G D^^, b G D-^ we have: 

a-beD'^^, [a,b] eD'^^-\ 

2. K^ = Oz as algebras 

3. We have an isomorphism D^/D^ ~ Tz, which respects a) the Lie algebra struc- 
ture, b) the structure of an O^-module on Tz, c) The adjoint action of Tz on 
Oz. 
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4. We have a splitting Tz —>■ D\, which respects the Lie-algebra and the 0^-module 
structure, where on D\, Oz acts by left multiplication. 

5. The natural map Symo^(r^) —>■ gr{Dz) := ®D^^/D^^ is an isomorphism. 

In [Q] Beilinson and Bernstein introduced the notion of twisted differential opera- 
tors (TDO). By definition, a TDO on Z is a quasi-coherent sheaf D'^ of associative 
algebras over Z endowed with an increasing filtration Z)^ = U {D'^y such that prop- 

i>0 

erties (1), (2), (3) and (5) hold. In particular, the untwisted differential operators are 
distinguished by the embedding of point (4) above. 

The idea of the approach of Beilinson and Drinfeld is construct a suitable chiral 
algebra S?^, which we will call the chiral algebra of differential operators (CADO), and 
to define D-modules on Z{%^) as chiral ©^-modules supported at x € X. 

When Z c^ A^, the Weyl chiral algebra W" will be an example of a CADO. In the 



Appendix, Sect. 6.10 we will show that when Z is an algebraic group, the category of 
chiral 25 ^-modules is indeed a reasonable approximation to the ill-defined category of 
D-modules on GCXx)- 

However, it turns out that there is no CADO canonically associated with a variety 
Z. In particular, it does not always exist, and when it does, it is not unique. Moreover, 
the category of possible CADOs on Z forms a gerbe over an explicit Picard category. 

The need for Tiz was independently realized by the authors of [^, where this object 
was studied in the language of vertex algebras, under the name "chiral structure sheaf" . 
In particular, the authors of [^ calculated the obstruction for the existence of a CADO 
on a given Z. 

Here is the definition. Let C be as in the previous subsection. A chiral algebra 1)q 
is called a CADO on Spec(S) if as a D-module on X it is endowed with an increasing 



filtration T)q = 
1. 


= U S)g with the following properties: 
i>0 







2. Dg ~ J(C) as chiral algebras. 

3. We have an homomorphism of ©e —^ S)g/S)g, which respects a) the Lie-* algebra 
structure on both sides, b) the structure of a chiral J(S)-module on both sides, 
c) The structure on J(C) of a Lie-* module over Qq and S)g/2)g. 

4. The natural map of D-algebras Symj(e)i(Ge) ^ grC^e)' := ©(SyVC^e"^)' ^'^ 
an isomorphism. (The superscript "f denotes, as usual, the corresponding left 
D-module on X.) 

The reason for the non-existence of a canonical CADO is that one cannot require the 
existence of an embedding Og — > 5)g which is compatible with the structure of a chiral 
J(C)-module. The existence of such an embedding would contradict other axioms. 

To conclude this section, let us go back to the example of Z = A" and C = Oz ® Ox- 
The construction of the canonical CADO W" in this case is explained by the fact that 
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we demanded an extra rigidity. We have: 

ee ^ J(e)' (g) Df^ 

and it contains D^" as a Lie-* subalgebra. Our extra rigidity is the embedding of D^^ 
into Sg := W" as a Lie-* algebra. 

In our case of interest, when A" is replaced by an arbitrary algebraic group, we 
will use a similar idea. We should warn the reader that the filtration on W" which 
comes from the universal enveloping algebra construction is different from the canonical 
CADO filtration. 

3. The case of an algebraic group 

3.1. AfBne Lie-* algebras. Let G be a linear algebraic group and let q denote its 
Lie algebra. In Sect. ^^ we showed that the D-module Lg := q (S) Dx has a natural 
structure of a Lie-* algebra. 

Let now Q:g(8)0— >Cbea G-invariant symmetric form. Consider the D-module 
Lg^Q = Vlx © Lq. We define on it a Lie-* bracket with the following components: 

LqM Lq—* A!(Lg) is as before 

fix ^ -^g,Q — > ^\{Ls,q) vanishes, and 

LqM Lq—* /S.\{Q.x) is defined as follows: 

To specify such a map is the same as to give a map g ^ — > T{X x X, Ai {Vlx))- Let 
1' E T{X X X, ^\{Q.x)) be the canonical section, killed by the square of the equation of 
the diagonal. (In coordinates, 1' is the image of ,^_ Ji under j^:j* {^x^^x) — *• ^\{^x))- 
We set 

5 ^ C ^-^' r(X X X, A, (fix)). 

Consider the universal enveloping chiral algebra 'U(-Lg^Q). We define the affine chiral 
algebra Aq^q as the quotient of U{Lg^Q) by the ideal generated by the antidiagonal copy 



of ilx -^ '^{Lg,Q), as in the definition of W", cf. Sect. 2.1 



Note that 0q := DR{'D*^,Lqq) ~ (0 3C^) © C is the standard affine Lie algebra 
(8) OCx corresponding to Q. In what follows, by a representation of 0q we will mean a 
continuous representation, on which 1 € C C 0q acts as identity. From Lemma |1.5| we 
obtain 

Lemma 3.2. The category of chiral A q^q -modules concentrated at x is naturally equiv- 
alent to the category of continuous representations of Qq . 

3.3. Construction of the CADO. From now on we will specialize to the case Z = G. 
We take C = Oq © ^x] however, we shall slightly abuse the notation and will write 
J{G) (resp., Qg, Sg) instead of J{Q) (resp., Ge, Se). 

First, let us observe that we have the map — > Tq which corresponds to left invariant 
vector fields on G. It is easy to see that it extends to a map of Lie-* algebras Lg -^ Qq- 
Moreover, the above it induces an isomorphism 

j(G)^©Lg^eG. 
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Theorem 3.4. To a fixed form Q as above, there corresponds a canonical CADO, 
T)g,q, with the following extra structure: there exists an embedding of Lie-* algebras 

( : Lq^q -^ TIgq, 

such that ^x C Lq^q maps identically to fix C J{G) = T)q q and the composition 

Lg,Q -^ ^g,q/'^g,q - ©G 
equals the above canonical map L^^q — > Lg — > Qq- 

Let us first explain the idea of the proof. The D-module Lg C 2)g,q should be 
thought of as corresponding to "left-invariant vector fields on G(3Ca;)". Hence our 
task is to reconstruct the "ring of differential operators" by knowing functions and 
left-invariant vector fields. 

In the finite-dimensional situation we would proceed as follows: the direct sum Og©9 
has a natural structure of a Lie algebra. Consider the universal enveloping algebra 
U{Og ©0)- As a subalgebra it contains U{Og) — Sym(OG)- However, since Og is 
already an algebra, we have a natural map Sym(OG) -^ Og- Let / denote the ideal 
generated by the kernel of this map inside U{Og ® s)- 

We have: Dg = U{Og © q)/I- Iii the chiral setting the idea of the proof is exactly 
the same. 

Proof. Consider the D-module J{G) ®Lq. We claim that it has a natural Lie-* algebra 
structure, whose components are as follows: 

Lg Kl Lg ^ /S.\{Lq) is the old bracket on Lg 
J{G) S J{G) -^ A,(J(G)) vanishes 

L^ML^^ Ai{J{G)) equals Lg K Lg ^ M^x) ^ MJiQ) 

Lg M J{G) -^ A\{J{G)) is the action map introduced in Sect. |2.3| . 

Consider the universal enveloping chiral algebra U{J{G)(BLg). It contains as a chiral 
subalgebra U(J(G)), where J{G) is regarded as a Lie-* algebra with a trivial bracket. 
However, since J{G) is already a chiral algebra, we have a homomorphism 

U{J{G)) -^ J{G). 

Let I denote the ideal inside U( J(G) © Lg) generated by the kernel of this map. We 
set 

S)g,q := U(J(G) © Lg)// 

and we claim that it satisfies all the requirements. 

We define the filtration on T>g,q by declaring that 2)^ q is the image under the chiral 
bracket of j*j*(J(G) K11X(J(G) ©Lg),), where 'U(J(G) ©Lg), is the corresponding term 



of the filtration of the universal enveloping chiral algebra, cf. Sect. 1.4. 

Prom this definition it is easy to see that the embedding J{G) — > 5Dg,q induces an 
isomorphism J{G) ~ '^go- Property 1 of the definition of CADO holds in view of 
Proposition |1.7| (c), since J{G) is commutative. 
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The chiral bracket induces a map 

j;j*(LgKJ(G))^A!(D^,Q). 

When we compose it with the projection 'Sq q —^ T>q q/^q q, we obtain a map, which 
factors as 

jJ*{L, m J{G)) ^ A,(Lg ® J{G)) ^ A,(2)1,,q/S)0,q). 

However, L^ (g) J{G) ~ ©g, hence we obtain a map 0g — *• 2)^q/2)^q, which is 
easily seen to satisfy the three conditions of point 3. 

The map 

Symj(Gy(e'G)^gr(2)e)' 



is a surjection, as follows from Theorem |1.8| . Since the LHS is X-flat, to prove that 
this map is an isomorphism, it is enough to do so on the level of fibers. 

Let Ofj/Q \ denote the ring of functions on the group-scheme G{Ox)- It follows from 
Lemma |1.6| that 

where Oqcq n is a g ® O^-module via the action by left-invariant vector fields. (In the 
above formula the induction is U'{qq) ® ^Gib V ^^^"^^ U'{qq) is the quotient of 

the universal enveloping algebra by the standard relation that 1 € C C 5q equals the 
identity.) 

The filtration induced on {T)g,q)x coincides with the standard filtration on the in- 
duced module. Therefore, as in Theorem ll. 



gr(S)G,Q). ^ gi{lnd'^l^jO^^^J) ^ O^(o^) ® Sym(0 ® X./g 6.). 
Therefore, the map 

Symj(G),(©G)x ~ ^y™0G(6.) ((S ® *^/S ® ^^) ® °G{6.)) ^ gr(2)G,Q): 
is an isomorphism. 

In the course of the proof we have shown the following 
Corollary 3.5. We have an isomorphism of QQ-m,odules: 



n 



3.6. The main result. As we have explained before, the D-module Lg embedded into 
'^G,Q corresponds to left-invariant vector fields on the loop group. It is, therefore, 
natural to ask whether there exists another embedding r : Lg ^ 2)g,q, which *- 
commutes with i{Lg) and corresponds to right-invariant vector fields. In particular, 

one would expect the module Ind '^ - (0^,,f, n), which corresponds to the "5-function 

on G{Ox) inside GCXx)" to be in fact a bi-module over the affine algebra. 

The answer to this question is positive. However, this second embedding of Lg 
develops an anomaly. The precise statement is given below. 



DIFFERENTIAL OPERATORS ON THE LOOP GROUP VIA CHIRAL ALGEBRAS 15 

First, let us introduce the following canonical extension 3" of Ox-modules on X: 

^ Jlx ^ 9" ^ Ox ^ 0. 

We take J := P2*(0x ^ Ox(A)/0x ^ Q.x{-^)), where p2 : ^ x X ^ X is the second 
projection. Note that this extension is globally non-trivial, i.e. when X is compact its 
class is the canonical element in H^{X,Q.x)- 

Let 3 be a Lie algebra and let /) : g — > C be its modular character (i.e. the character 
by which g acts on A*°P(g*)). We define the D-module (g (g) Dx)' as the quotient of 
g (8) (9" (8) Dx) by the kernel of the map 

q®{VLx® Dx) ^VLx®Dx^Dx. 

By construction, (g ® Dx)' is a D-module extension 

^ f^x ^ (g O Dx)' ^ g O i?x ^ 

and we have a splitting [g,g] ® Dx ^ {q® Dx)' , since p is trivial on [g,g]. 

Given an invariant form Q on g we obtain a Lie-* algebra structure on (g ® Dx)' , 
which we will denote by L' n, defined in the same way as in the case of L^^q. Let 
Qo : ^ — > C be the Killing form. We define the involution Q — > Q' on the set of 
invariant quadratic forms hy Q' = —Qo — Q. 



Theorem 3.7. Let 2)g,q be as in Theorem \3. 4 - There exists a canonical Lie-* algebra 
embedding t : V q, -^ '^G,Q with the following properties: 

a) Qx C L' Q, maps identically onto Qx C ^g,q- 
h) The composition 

L,,Q M L^Q, ^ ^G,Q ^ ^G,Q ^ A,(2)g,q) 
vanishes, 
c) The image oft lies in 'Sqq and the resulting map 

^S -^ '^G,q/^G,Q - ©G 
corresponds to the embedding of g into Tq by means of right- invariant vector fields. 

4. Proof of the main theorem 



4.1. The formula. Recall (cf. Sect. p. 61) that for a right D-module M on X we have 
the De Rham projection [h M id) : A!(M) — > M. Let dx denote the usual De Rham 
differential M' ^ M. 



Consider the composition 



Og ^ J{G)^ ^ J{G). 



By construction, J{G) is an Oc-module and the above map is a derivation. Hence, 
we obtain a canonical OG-hnear map rj : fig. — > J{G). 

For an element f € let us denote by v (resp., v"^) the corresponding left-invariant 
(resp., right-invariant) vector field on G. (Note that the value of u' (resp., v'^) at 1 E G 
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is —V (resp., v).) Given a quadratic form Q we will denote by r/g : g — > J{G) the 
composition 



The sought-for embedding r : L^qi -^ '^G,Q is the sum of two D-module maps, ti 
and r2. To define ri, consider the OxxX-module map g (g) {Ox ^ ^x(A)) -^ ^\{'Dg,q) 
defined as follows: 

Let f € g be an element and let /(x, y) ■ uj{y) G Ox Kl Qxi^) be a local section. Let 
us express the right-invariant vector field v^ as 

v"" = T.gi -vl, gi G Oq- 

We set the image oi v (^ f{x,y) ■ u){y) in /S.\{'i)G,Q) to be 

T.{;-]{f{x,y)-[{vi)^u{y)-gi), 

where uj ■ gi'is understood as a section of J{G) C 2)^ q- 

It is easy to see that this formula yields if f{x,y) G Ox ^ ^xi—^)- Therefore, 
by composing with (h M id) we obtain an Ox-module map g (SD 9^ ^ '^G,Q and hence a 
D-module map 

g(g)(3"(g)Z)x) ^^G,Q- 

To show that it induces a well-defined map of D-modules ti : L' q, — > Sg^q, we must 
prove that the composition g (g) f^x '^-> Q®7 —> IS.\{Tig,q) factors as 

Q®^x^^x^ J{G) ^ Sg,q -^ A,(Dg,q). 
By property 3(c) of CADO, the above composition sends a section g CS) u; to 
j:{;-mvi)^g,-u) = {^Ue,iigi))-LO. 

We have the following simple lemma: 
Lemma 4.2. For t^ G g and v"^ = T, g^ (E> vi as above, the function S hie^i{gi) G Og is 

i i i 

the constant function equal to p{v). 

Thus, we have defined the map ti. The map X2 is a "correction term". It factors as 

L's,Q' ^Q®Dx^ J{G) ^ ^G,Q, 

where the middle arrow corresponds to rjQ^^^Q : g -^ J{G). 

To prove the theorem, we must verify properties (a), (b) and (c), and most impor- 
tantly, that ti -|- X2 commutes with the Lie-* bracket. Note, however, that properties 
(a) and (c) are immediate from the construction. 
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4.3. Proof of property (b). For u,v € g, let 9u,v £ Og be the function defined by 
g H^ Q{Adg{u),v). Our starting point is the fohowing observation 

Lemma 4.4. Let v"^ = Ti gi ■ v\, gi ^ Oq o,s above. Then 

i 

Fix /(•, •) and u; e il-x so that f{x,y) ■ uj{y) G Ox Kl i7x(A) projects to 1 G Ox - 
Ox Kl rix(A)/Ox Kl r^x- We will use this choice to have a well-defined Xi{v) G 2)g,q- 
To prove that [ and r *-coniniute, it is enough to show that: 

(1) {•,.}([(n)Kti(^))=<ii(g«-«o) 

(2) {•,.}([(n)Kt2(^))=di(g«r«), 
where we have used the natural map defined for any D-niodule M: 

di :M'^ A,(M), 

where M is the corresponding left D-module and di is the De Rham differential along 
the first variable. In our case M = J{G) we compose it with the embedding Gq — > 
J{G)K 

Equation (2) follows from the next result: 

Lemma 4.5. For u G Tq and uj G VLq, the Lie-* action Qg^J{G) -^ A\{J{G)) yields 

{■,-}{uMr]{uj)) = r]{Ueu{uj)) - di{{u,uj)), 

where the first term belongs to J{G) C IS.\[J{G)) and where {u,uj) G Og is the contrac- 
tion of u and uj. 

This follows immediately from the definitions. Now let us prove Equation (1). Con- 
sider the expression 

(3) S { •{ •, •}}(/(y, z){l{u) m (K) m u{z) ■ gi)) G A,(2)g,q) 

on X X X X X. The LHS of Equation (1) is by definition the De Rham under id Kl(/iKlid) 
of (*). 

By applying the Jacobi identity to (^), we obtain that the LHS of Equation (1) can 
be rewritten as a sum of three terms: 

(a) - (idK/i)(S { •, •}(/(?/, x) • u:{x) ■ Lie^^^*) ^ K^i))) S S)g,q C A,(S)g,q) 

(b) J:{;-}{f{x,y) ■ l{[u,Vi])mu:{y) ■ gi) G A^X^Cq) 

(c) S Q{u, v,){\d m{h K id))(can(/(y, z) ■ l',^y K u:{z) ■ g,)) G A,(2)g,q), 



where the notation in term (c) will be explained in Lemma | 

Let us analyze this expression term-by-term. Term (a), which is scheme-theoretically 
supported on the diagonal X d X >^ X equals 

(idK/i)(s{.,.}(/(y,x)-u;(x)-5^K[(K^i])))eSG,Q, 
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because right- and left-invariant vector field commute. 
We have the following general assertion: 

Proposition 4.6. Let a, b be two sections of a chiral algebra A such that { ■, ■}{aMb) G 
A\{A) is scheme-theoretically supported on the diagonal. Let f{x,y) be a local section 
of Ox ^ Oxi'^) and let ^ be the vector field on X equal to the image of f{x, y) under 
the natural projection Ox ^ Ox(^) -^ Tx- Then 

{■,-}{f{x,y)[aMb)) + {\dMh){{;-}{f{y,x){bMa))) = {;-}{aMbM,^), 

where (^,0) is the corresponding vector field on X x X . 

Proof It suffices to show that {■,-}{f{x,y){a M b)) - {tKo M b){^,0) G A]{A) is 
supported scheme-theoretically on the diagonal and verify that its De Rham projection 
under /iKIid equals — (idKl/i)({ •, •}(/(y,x)(6Kla))). The latter fact is obvious from the 
anti-symmetry property of the chiral bracket. 

Let us multiply { •, ■}{f{x,y){a K 6)) - { •, -Ka K 6)(^,0) by a function on X x X of 
the form (j){x) — (j){y). We obtain 

{ •, •}(/(x, y) ■ (0(x) - 0(y))(a M b)) - Lieg(</.)(x) • { •, ■}(« m b). 

However, f{x,y) ■ {(j){x) — (j){y)) = Lie^{(f)) mod Ox ^ C)x(— ■^)5 which implies our as- 
sertion. 

D 

By applying this proposition to [{[u, Vi]) Kl uj{y) ■ Qi, we obtain that the sum of terms 
(a) and (b) equals 

{^uj -Lie, n{gi)){C,0) = -di(Lier u(gi)), 



which, according to Lemma [4.4 equals —di{Su!v)- 

It remains to analyze term (c). We need to show that it equals di{Su,v)- This results 
from the following general assertion: 

Let M be a right D-module on X and let M' be the corresponding left D-module. 
Consider the canonical map of D-modules on X x X x X 

can : (Aa M id)!(j2*J2(^x ^ M)) -^ A3!(M). 
Consider the following section in the RHS: 

f{y,z)-l'^^yMu;{z) 



m. 



where m G M , /(•, •) and u) are as above, and 1^ y is the section l' defined in Sect. 3T 



x,y 
in the first two variables. 

Lemma 4.7. T/ie id Kl(/iKl id) projection ofcan(f{y,z)-l'Muj{z)-m) equals —di{m). 

Proof. Let us multiply both sides by a function on X x X of the form (j){x) — (j){y). In 
both cases we get d<j) ■ m a M C A\{M). Therefore, the expression 

(4) (idK(/i S id))(can(/(y, z) ■ I'^y M uj{z) ■ m)) + di{m) G A,(M) 

is killed by the equation of the diagonal. However, since 

(/iSid)o(idK(/iKid))(can(/(y,z) -I'^^y^ojiz) • m)) = = (/i S id)(-di(m)). 
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we obtain that @ vanishes identically. 

n 

4.8. Proof of the compatibility with the Lie-* bracket. Let v,v' ^ q be two 
elements. The expression { •, •}(r(t;) Kl x{v')) is a well-defined section of AiXTIcq) and 
{ •, ■}{v Kl v') is a well-defined section of Ai(L' q,). Our goal is to prove that 

(5) { •, -IWt;) m x{v')) - r({ •, -^v M v')) = € A,(S)g,q) 

First, we will prove that the RHS of (|5|) is killed by the equation of the diagonal. 
We must show that for a function cp G Ox, 

(<A(x) - cPiy)) ■ { ; -Uxiv) M x{v')) = dx{<l>) ■ (-Qo - Q){v, v'). 

It is clear that { •, ■}{x2{v)Mx2{v')) equals zero. We can compute { •, ■}{xi{v)Mx2{v')) 
using Lemma [4.5|. We obtain: 



(0(x) - 0(y)) • { •, ■]{xi{v) M X2{v')) = (0(x) - 0(y)) • d^{{Q - Qo){v,v')) = 
dxi<P)-iQo-Q)iv,v'). 

Similarly, {(j){x)-(l){y))- {■,-}{x2{v)Mxi{v')) = dx{(f))- {Qo-Q){v,v'). Thus, it remains 
to compute { •, •}(ri(i') M xi{v')). 

The latter is the {h M id) M {hM id) projection of 

(6) i:,{{;-},{;-}}{f{x,y) ■i{vi)Mu;{y) ■ g,m f{z,w) ■l{v'j)Mu;{w) ■ g'j) 

where /(■, •) G Ox Kl Ox(A) and u £ ^x are as before. 

Using Jacobi identity, we can rewrite (0) as a sum over i,j of four terms: 

(«) { •, {{ •, •}, -mfix, y) ■ K^i) ^ ^(y) ■ m ^ f{z, w) ■ i{v'j) m ^iw) ■ g'^) 

(b) - CT3,4{ •, {{ •, •}, -miix, y) ■ Kvi) M iviy) ■ g, M f{w, z) ■ u;{z) ■ g] K \{v])) 

(c) - ai,2{ •, {{ •, •}, -IK/ly, X) ■ a;(x) • gi M l^) S f{z, w) ■ [{v'^) M u;{w) ■ g]) 

(d) ai,2 o a-sA ; {{ ; •}, •}}(/(y, x) ■ c^(x) • gi M [{vi) M f{w, z) ■ u;{z) ■ g] S {(v])), 

where 0"i^2)Cr3,4 € 5^ are the transpositions of the corresponding factors. 

It is easy to see that term (b) vanishes identically and that term (a) is killed by 
{.4>ky) ~ </'(^))- The contribution of term (c), multiplied by ((/'(y) — 4>{w)) consists of 
two parts. One is idKl(/i Kl id) applied to 

-S { •, { ., •}}(/(y, x) ■ (0(x) - 0(z)) • w(x) • gi K [(K, v\\) K /(y, z) ■ ^{z) ■ g'^), 

and the other is (idMh) M (hM id) applied to 
-S Qivi,v'^) ■ { ; •}(/(y, x) ■ i<Pix) - <Piw)) ■ ioix) ■ g, M canif{z, w) ■ l^,, M uoiw) ■ g])), 

where "can" is as in Lemma [1.7| . 
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The first part can be computed using Lemma ^^ and we obtain 
- S { ., { •, •}}(/(y, x) ■ (0(x) - <P{y)) ■ u:{x) ■ Qi K i{[v,,v'^\) K /(y, z) ■ u;{z) ■ g'^) 

S { ., { •, •}}(/(y, x) ■ (0(2/) - 0(z)) • u:{x) ■ gi K [{[v,,v'A) M f{y, z) ■ lo{z) ■ g') 



«j 



= ^.dx{(p) ■ gi ■ lAe^ ,u{g'^ + S (ix(0) • Lier„/ i;(ft) • 5' = 

= dx{<t>) -i^m- SjV + s^;- ■ 9%) = -2dx(0) • Qo{v,v'). 

The second part of term (c) can be calculated using Lemma [4.7| and we obtain: 
Sdx(0) ■ gi ■ g'j ■Q{vi,v'.) = dx{4>) -Qiv^v'). 

Finally, term (d) multiplied by (</>(y) — (pi^)) gives 

- E { ., { ., •}}((ix(</>)(x) • g, ^ f{z, y) ■ Lo{y) ■ Lie„.(<7^) M l{v'^)) = 
I, J I -J -J 

= -dx{(p) ■ S Lie„;(5') • Lie^/i(5fi) = dx{(t>) ■ S S-i • Lier /ii(5') = -(ix(0) • Qo{v,v'). 

By summing up, we obtain the desired 

(</.(x) - <^{y)) ■ { ; -Kxiiv) m xi{v')) = dx{(t>) ■ i-Q - Qo){v,v'). 

Thus, the LHS of (^) can be regarded as a map 

By property 3 of CADO, the image of tp is contained in T)qq = J{G). In addition, 
according to property (b) of the map r that has already been checked, the image of ip 
*-commutes with I : Lg^q — > TIg,q- 

However, since the space of g (8) Ox-invariants in 0^,^ -, consists of constant functions, 
a section of J{G) *-commutes with the image of [ if and only if it belongs to fix C J{G). 
Hence, V' is a map (8) ^^ ^x- 

To prove that it vanishes we will use a "conformal dimension" argument: 

Since our constructions are local, we can assume that X = C, and ij: is invariant 
with respect to the group of all automorphisms of C Hence, the image of ip belongs 
belongs to the space of Aut(C)-invariant sections of J7c) but there are none. 

5. Relation to semi-infinite cohomology 

5.1. The BRST complex. Our goal in this section is to compute the semi- infinite 
cohomology of Vg,q = {^g,q)x viewed as a module over the afHne algebra. First, let us 
recall the basic definitions concerning semi-infinite cohomology in the context of chiral 
algebras, following |^], Section 3.8. 

Let M be a finitely generated locally free right D-module and let 

M* :=Hom(M,L>x<»^x) 

be its Verdier dual. The direct sum Q,x © (M©M*) has a natural structure of a (super) 
Lie-* algebra, where the Lie-* bracket vanishes on J7x and M M M* — > A; (Ox) is the 
canonical map, cf. [0], P]. 
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We define the Clifford (super) cliiral algebra Cliff (M) as the quotient of the universal 
enveloping chiral algebra U{Qx ® 0^(BM.*)) by the ideal generated by the anti-diagonal 
copy of Qx- The Z2-grading on Cliff (M) can be extended to a Z-grading, by letting M 
(resp., M*, Qx) have degree —1 (resp., 1, 0). 

Consider the 0-th graded component of the second associated graded quotient with 
respect to the canonical filtration on Cliff (M), gr2 (Cliff (M))*^. It has a natural structure 

of a Lie-* algebra isomorphic to End(M) := M,® M*, cf. loc. cit.. Hence, if we do not 
mod out by Q.x — Cliff (M)5, we obtain an extension of Lie-* algebras 

^ rJx ^ Ei^(M) -^ End(M) -^ 0. 

Now let us assume that M = L is a Lie-* algebra, which is locally free as a D- 
module. As is explained in [^ or Q, the Lie-* bracket on L yields a Lie-* algebra map 
L — > End(L). In particular, from End(L) we obtain a canonical central extension 

-^ Q,x -^ Lean ^ L ^ 0. 

Let us denote by L^can the Baer negative of the extension Lean- We will denote by 
U{L)can (resp., U{L)^can) the quotient of U(Lcan) (resp., U{L_can)) by the antidiagonal 
copy of Qx ■ 

Let 'Nx be a representation of the extension 

^ C ^ DR{Vl, L,,an) -^ DR{'D*,L) ^ 0. 



According to Lemma 1.5,, such J^x is a vector space underlying a chiral module over 

'J-{L) -can- 
It is explained in loc. cit. that the tensor product ^Sf^, (g) Cliff (L)^., which is a Z-graded 

vector space, acquires a differential S (called BRST) of degree 1. 

The semi-infinite cohomology of 'Nx with respect to L is defined as the cohomology 

of this complex: 

H^+'=(L, y^x) ■■= nH^x Cliff (L),, <5). 

5.2. Identification of the canonical extension. From now on, we will take L = 
-^0 = (X" Dx- According to the previous subsection, there exists a canonical central 
extension of Lie-* algebras 



o^nx^ L,_^,^ ^ Lg ^ 0. 
Recall also that in Sect. ^^ we defined another central extension of Lg corresponding 
to an invariant form Q, namely L' q. In this subsection our goal will be to prove the 
following assertion: 

Theorem 5.3. There is a canonical isomorphism of extensions L' n ~ ^g-can' 

Proof. For L = Lg, End(Lg) ~ End(g) Dx and the Lie-* bracket on it comes from 
the usual Lie algebra structure on End(g). The map Lg — > End(Lg) comes from the 
action map q -^ End(g). 

To prove the theorem, it suffices to construct a Lie-* algebra map 

t : L;_q„ - Eild(^), 
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such that the induced map from ilx C L' _q to ilx C End(iL) C Chff (L) is — id. 
let V G and let v^ = T,gi ■ v\, gi € Og- Then the image of v in End(g) ~ g (g) g* is 



I 
i 

the value at 1 G G of the element 



-T,Vi®dG(gi) G Q'S>^G. 



The required map t is defined by a formula similar to the one of Sect. 4.1. Namely 
it sends a section v ^ f{x, y) ■ uj{y) G g (8) 9" (8) Dx to the {h M id) projection of 

S { ., ■}(/(x, y) ■ u{y) ■ V, M dG{g^){l)) G A,(Cliff (LJ). 



The fact that t|n_y is — id follows immediately from Lemma |4.2| . To show that it 



commutes with the Lie-* algebra bracket, we proceed as in the proof of Theorem |3.7 



Namely, by the same argument as in Sect. |4.8| , it suffices to show that the difference 

(7) t({ •, -Uv m v')) - { •, -mv) m i{v')) G A,(Cliff(L0)) 

is killed by a function of the form (j){x) — (j){y) G OxxX- 

By applying the (super-) Jacobi identity, we obtain that the second term in (^) is 
the projection under [h M id) M[hM id) of the sum over i and j of four terms 

{ •, {{ •, •}, ■]}U{x, y)-ViM Lo{y) ■ dG{gi){l) ^ f{z, w) ■ v'^ M u;{w) ■ dG{g',){l)) 

^3a{ •, {{ •, •}, ■}}U\^, y) ■ Vi ^ oj{y) ■ dG{gi){l) ^ f{w, z) ■ u:{z) ■ dcig'^m ^ v'j) 

^i,2{ •, {{ •, •}, •}}(/(?/, x) ■ Lo{x) ■ dG{g^){l) ^v^m f{z, w) ■ v] K u;{w) ■ dG{g'^){l)) 

<Ti,2 o a3,4{ •, {{ •, •}, ■}}U{y. x) ■ uj{x) ■ dG{g^){l) Mv^M f{w, z) ■ uj{z) ■ dG{g'j){l) M V'j). 

Let us analyze the above expression term-by-term. First of all, it is easy to see that 
the second and the third terms vanish. Secondly, the first term is killed by multiplication 
by (j){x) — 0(y). The fourth term yields that: 

(cPix) - (fiy)) ■{■,-mv)mi{v')) = -dx{(t>) ■ ^,{Ue^i{g'j)-Ue,n{g,)){l) = 
- dx{(l)) ■ ^.g'j ■ Lier^/ |;(5(j) = -dx{(l)) -^g'j- S^°„ = dx(0) • Qo{v,v'). 

However, ((/>(x) — 4'{y)) ■ i({ •, ■}{v Mv')) = dx{(p) • Qo{v,v'), which is what we had to 
prove. 

D 

5.4. Computation of H^(S)g',q)- In what follows, we will denote by q'q the affine 
algebra DR(T)^,L' q). (Non-canonically, q'q and qq are isomorphic, but this isomor- 
phism does not respect the action of the group Aut(I'2;) of automorphisms of the formal 
disc, which acts on the whole picture.) In particular, if M], is a gg^ -representation and 
M^ is a gg^-representation, the tensor product M^ (8) M^. is a gQ^^^g^-representation 
via the diagonal action. 

Let M.X be a (continuous) module over the affine algebra qq and let us consider the 
tensor product M^^^ (8 Vg,q. We let qq act on it via the embedding [ : Lg^Q —>■ T)g,q- 
However, since by Theorem \i.7[ V^q is a bi-module over the affine algebra, the above 
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tensor product has an additional structure. Namely, by combining Theorem 3.7 and 
Theorem 5.3, we obtain on it an action of q'_q . 

Hence, it makes sense to consider H^(Lg,Mx. ^^g,q)i a-^d will carry a continuous 
gg-action. 

Theorem 5.5. Assume that M^ is such that the action of q®Ox C 0q on it integrates 
to an G{Ox)-0'Ction. Then there is a canonical isomorphism of qq -modules: 

Hf +'=(Lg, Mx ® Yg,q) ^ M,. ® H'^(s, C). 

The proof will consist of two steps. First, we will consider the case Q = and 
Mx = C. 

Proposition 5.6. There is a canonical isomorphism of q ® %x-modules 

where the action of q0 %x on the RHS is trivial. 

Proof. We will use the following statement, valid for an arbitrary locally free Lie-* 
algebra: 

Let Jix be a module over DR{T)l.,L-can)-, which is induced from a DR{1)x,L)- 
module, i.e. 

where induction is understood in the restricted sense, i.e. 1 € C C DR{T)*, L^can) acts 
as identity. 

Lemma 5.7. Under the above circumstances there is a canonical isomorphism 

Rf+''{L,J^x) ^iiHDR{'Dx,L),N). 



We will apply this lemma in the case !Na; ~ Yg,o- It is easy to see, as in Lemma 3.5 , 
that the embedding J{G) -^ 5}g,o induces an isomorphism of q'_q -modules 

Moreover, the restriction of the g (8) 3<Ca;-action on the LHS to g^O^, that comes from 
the embedding I : Lg ^ '^g,o coincides with the action that comes from the natural 
Ox-action on 0^/q -, by left-invariant vector fields. This follows from the fact that 
the embeddings I and r *-commute with one another. 

Hence, we obtain an isomorphism H'a""'" (L,Vg,o) — H (g (g) (Dx,Oq,q ■.) and it 

respects the g ® Ox-action on both sides. Since the kernel of the evaluation map 
G{Ox) ^ G is pro-unipotent, we have an isomorphism of g (8) Ox-modules 

H^Xfl ^ Ox, 0^(o^p ~ H'=(g, Og) - H'=(g, C), 
where the g Ox-action on the RHS is trivial. 
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To prove the proposition, it remains to show that the q ^ X^^-action on H (g, C) is 
trivial as weh. Consider the group Aut(T)x) of automorphisms of the formal disc. This 
group acts on the whole picture. In particular, our homomorphism 

3C, ^End(H*^(g,C)) 

is Aut(D^)-equivariant. However, it is easy to see that any such homomorphism, which 
is, moreover, trivial on g (8) 0^; C 5 (8) ^x is zero. 

n 



The second step in the proof of Theorem 5.5 is the following result: 

Let Mj; be a gg-module as above and let us consider the tensor product M^; '^^g,Q'i 
where Q' is another invariant form. It has a natural bi-module structure with respect 
to0Q/ andj'Q_Q^_Q,: 

We let gg' act via [ on Yg,q', and 9q_q _qi will act diagonally via r and the gg- 
action on M^. 

Consider now the tensor product M^; ®Yg,q'-q- It has a bi-module structure with 
respect to the same Lie algebras, where q'q, acts diagonally (via [) and gQ_n _n' acts 
only on Vg,q'-q (via r). 

Theorem 5.8. Assume that M^ is such that the action of q®Ox C Qq on it integrates 
to an G{Ox)-0'Ction. Then the above bi-modules M,x ^ Yg,Q' ^''^-d ^x '8> Yg,q'-q o-re 
canonically isomorphic. 



It is clear that Theorem 5.8 combined with Proposition |5.6| imply Theorem 5.5, when 
one takes Q' = Q. 



5.9. Proof of Theorem 5.S. Recall that if yii and A2 are chiral algebras, then their 

! 

tensor product Ai ® A2 is also naturally a chiral algebra. 

! 1 

Thus, let us consider the chiral algebras A^^q (g) 'Sg,Q' and Aq^q ^ 'Dg,Q'-q- We will 

denote by i the embedding of the Lie-* algebra Lg^q into each of them along the first 
factor. Note that in addition, one has the natural (diagonal) maps 

~ ! ~ ! 

( + i : Lg^Q -^ Ag^Q (g) ^G,Q'-Q and r -Ft : L'^,q-Qo-q' ^ ■^s,Q ® ^G,Q'- 

Proposition 5.10. There exists a canonical isomorphism 

! 
^G,Q' -^ •^o,Q ® '^G,Q'-Q-, 






such that 

\ 
(a) (f) commutes with the embedding of J{G) into "^CQ' C Ag^Q'^TlG,Q' and TIg,q'~q C 



I 
A„n(g)^ 



(b) 0ol= [ + i. 

(c) (j)o (x + i) =x. 
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Proof. By construction, Ag^q ^ '^CQ' is ^ quotient of the universal enveloping chiral 
algebra of L^^q © J{G) © Lg. Therefore, (/>, if it exists, is uniquely described by a Lie-* 
algebra map 

Lq,Q e J{G) © Lg ^ Ag,Q ® ^G,Q'-Q- 

On the second and the third summands (j) is determined by conditions (a) and (b), 
respectively. The restriction of </> to ^x C -^g,Q is the identity map onto ^x in the 
target and the restriction to g © Dx C Lg,Q is determined by the following condition: 

The adjoint action gives rise to a map — > © Og- From it we obtain a D-module 
map 

Q®Dx^ {q(^Dx)®J{G). 

(On the level of fibers, this map is the co-action g © 'Xx/Ox — > © %x/^x ® ^cfo )■) 
We need that the diagram 

Q®Dx > {q®Dx)®J{G) 



Lg,Q > Lg^Q © 1)c,Q'-Q 

commutes. 

The fact that the resulting map of D-modules commutes with the Lie-* bracket is 
straightforward. Thus, one obtains a map of chiral algebras 

U{Lg^Q © J{G) © Lg) ^ ylg,Q © Dg,Q'-Q, 

and one easily checks that it factors through the natural surjection 

U(Lg,Q © J(G) © Lg) ^ yLg,Q © ^G,Q'- 

The fact that condition (c) is satisfied follows from the formula for the embedding 



r, cf. Sect. [4.1| . The fact that (j) is an isomorphism is easy, since one can construct its 
inverse by a similar procedure. 

D 

Now, let "Mx be as in the formulation of the theorem. The tensor products Mx>©Vg,q' 

! 
and Mx © ^g,Q'-Q are chiral modules supported at x € X for Aq^q © 2)^ q/ and 

! 
Aq,q © '^CQ'-Q, respectively. 

To prove the theorem, it suffices to construct an isomorphism 

0M. : ^x © Vg,q' -^Mx® Yg,q'-q, 

which covers the isomorphism (p of the above proposition. 

However, it is easy to see that there exists a well-defined map (pj^ such that its 
restriction to 

Mx © 1^ C M^ © i^G,Q)x =^ Mx © Yg,Q' 
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is the map 

Mx -^ M^. ® O^(Q^) = M^. ® J{G)^ C M:, (g) {^g,Q'-q)x = M^ ® Vg,q'-q, 

where the first arrow is the co-action map corresponding to the G(0^)-action on M^- 

6. Appendix: From Dcq-modules to D-modules 

The discussion in this section is substantially based on the unpublished manuscript 
Q, Sect. 7, where the formalism of D-modules on ind-schemes is developed. For that 
reason, we call this section an Appendix, and its results and techniques are not directly 
connected to the contents of the main part of the paper. 

6.1. A characterization of chiral ©cQ-modules. In this section the point x a X 
will be fixed and we will denote Ox by C[[t]] and Xx by C((t)), respectively. Moreover, 
all chiral ©cQ-modules we that will consider are supported at x; therefore, by a slight 
abuse of notation, we will identify a chiral module M with the corresponding vector 
space i2.(M)[l]. 

Recall that G[[t]] has a canonical structure of a group-scheme and G((t)) of a group- 
indscheme. In particular, OG({t)) is a topological commutative algebra, which is a 
continuous bi- module over g{{t)). 

We have the following proposition: 

Proposition 6.2. To specify a structure of a chiral TlcQ-module on a vector space M 
is the same as to endow it with continuous (w.r. to the discrete topology on JA) actions 
of OG({i)) o,nd Qq compatible in the sense that for ^ G qq, f € ^G{{t)) <^''^d m £ M, 

i-{f -rn) = f ■ {i-m) + Lie^; (/) • m, 

where ^ is the corresponding left-invariant vector field on G{{t)). 

Proof. First, let S be a commutative chiral algebra. Consider the projective limit 
"Bx := lim['Bf)x, where Sj runs over the set of all chiral subalgebras 23j C 23 with 

'^i\x-x — "^Ix-x- 

Then 'Bx is a commutative algebra, which carries a natural topology. Moreover, a 
structure of a chiral S-module on a vector space M it amounts to a continuous ^^.-action 
on M. 

When 23 is of the form 23 = J(C), for a q.c. sheaf of Ox-algebras C, Bx represents the 
functor on the category of C-algebras given by j4 ^ Homo^(C, A((t)). In particular, 

JiG),^OGm). 

Let us suppose now that 23 is a Lie-* module over a Lie-* algebra L. Then we 
obtain a natural continuous action of L'i?(2)*,L) on 23^;. It is easy to see that in the 



above example of 23 = J{G) and the action g Dx Kl J{G) -^ A\{J{G)) of Sect. [3^ , 
the resulting g((t))-action on OG((t)) coincides with the natural action by left-invariant 
vector fields. 

That said, the assertion of the proposition becomes a direct corollary of the construc- 
tion of S)g,q as a quotient of the universal enveloping algebra of J{G) © Lg combined 



with Lemma 1.5 
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D 



Let us observe now that Theorem 3.7 imphes that every chiral 5)G,Q-niodule M carries 
also an action of g^,, which commutes with the initial gg-action. In what follows, we 
will refer to the above qq and g^z-actions as "left" and "right" , respectively. 

Lemma 6.3. ForM. as above, the right ^'q, -action is compatible with the OQiu\\-action 
in the sense that for ^' £ qq, f € OG((t)) ^"-^ "^ ^ ^? 

^ . (/ . m) = / • (^ • m) + Liegr(/) • m, 
where ^^ is the corresponding right-invariant vector field on G{{t)). 

Proof. Let Lg -^ Qq be the Lie-* algebra map corresponding to the embedding g — s- Tq 
by means of right-invariant vector fields. Let is consider the corresponding Lie-* bracket 

Lg ^ J{G) ^ Og ^ J{G) -^ A,{J{G)). 

As in the proof of Proposition |6.2| above, we need to show that if we compose the 
above Lie-* bracket with the natural surjection L' q, — > Lg, we obtain a commutative 
diagram 

L'^Q,MJiG) . A!(J(G)) 

rKlid 

^G,Q^^G,Q > A!(Dg,q). 

But this follows from the construction of the map r and Lemma 2.4 



n 

Since the roles of qq and q'q, in 3g,q are essentially symmetric, we have an analog 
of Proposition |6]^ with gg replaced by q'q,. 

Let K C G[[t]] be a normal group-subscheme of finite codimension and let i denote 
its Lie algebra. By constructon, the extension ^ C — > g'g, — > g((t)) ^ splits canon- 
ically over g[[t]] C g((t)). In particular, for every chiral S)G,Q-™odule M supported at 
the point x, we obtain a right t-action on the corresponding vector space M^. 

We let Sg Q -mod denote the full abelian subcategory of the category of chiral Sg,q- 
modules supported at x, for which the above right t-action integrates to an action of 
the group-scheme K. 

Our goal now is to describe the category T)q Q-raod in geometric terms. To do 
that we need to make a digression on the theory of D-modules on ind-schemes. In 
what follows we put Q = in order to deal with D-modules (and not with twisted 
D-modules). The generalization to the case of an arbitrary Q is straightforward. 

6.4. D-moduIes on ind-schemes. Consider the quotient Y := K\G{{t)), as a sheaf 
of sets on the category of quasi-compact schemes with respect to the faithfully flat 
topology. 

It is known, cf. Q, Theorem 4.5.1, that Y is in fact an ind-scheme of ind-finite type. 
This means that, as a functor, Y is isomorphic to a direct limit lim{Yi), where Yi is 
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a functor representable by a scheme Yi and the maps Yi ^ Yj for j > i are closed 
embeddings. The ind-finite type property means that the family Yi consists of schemes 
of finite type. 

For an ind-scheme Y one defines the category of '-modules as the ind-completion of 
the direct limit category Urn {0 -inod{Yi)) , where for j > i, the functor O-mod(yi) — > 

O-mod(Yj) is of course the direct image under the closed embedding kij. 

When Y is of ind-finite type, one can define the category of right D-modules on it: 
Recall first that if y is a scheme of finite type the category of right D-modules on 
it makes sense, cf. Q, Sect. 7.10. Moreover, we have a natural forgetful functor 
Fy ■ D-mod(y) — > 0' -mod(y). (Note that the functor Fy is left exact but in general 

k 

not right exact. If Y is smooth, then it is right exact as well.) When y ^ y is a closed 
embedding of schemes, there is a natural exact functor k\ : D-mod(y) -^ D-mod(y'). 
Moreover, we have a natural transformation k^ o Fy =^ Fyi o fci. g 

This allows us to define the category of right D-modules on an ind-scheme of finite 
type. Namely, for Y = lim{Yi) as above, we set D-mod(y) to be the ind-completion of 

the direct limit of abelian categories /im (D-mod(l^)). 

We have the forgetful functor Fy : D-mod(y) — > O'-mod(y), determined uniquely 
by the property that for 8 € D-mod(yi), Fy(§) = limFy\kij\{§)). If Y is formally 

smooth^ cf. 0, Sect. 7.11.1, the functor Fy is exact. 

The main result of this section is the following theorem. 

Theorem 6.5. Let Y ~ K\G{{t)) as above. There is an equivalence of categories 
Sec : D-mod(y) -^ D^p-mod. 

6.6. Construction of the functor. Let vr denote the natural projection G{{t)) -^ Y. 
For a (right) D-module 8 on y consider the corresponding 0-module Fy(§). Then the 
pull-back 7r*(Fy(8)) is an O'-module on G{{t)). Observe that since G{{t)) is affine, an 
O'-module on it is the same a discrete continuous module over the topological algebra 

OG((t))- 

We claim that the vector space Sec(8) := T{G{{t)),TT*{Fy{§))) underlies a chiral 
Dco-module supported at x € X. 

First, by construction, Sec(M) is a discrete Oc<((i)) -module. Secondly, we endow it 
with a continuous action of 0((t)) as follows: 

Since the projection vr is right G-invariant, the right D-module structure on 8 gives 
rise to the action of g((t)) on 7r*(8) by derivations of the 0-module structure, where 
^ G Q{{t)) goes to the vector field — ^' on G{{t)). 

Therefore, Sec(8) indeed corresponds to a chiral ©co-module, in view of Proposi- 
tion lO 



^To distinguish the 0- and the D-module direct images, we denote the former by k, and the latter 
k\. By * we will always mean the 0-module inverse image. 

^We would like to thank A.Beilinson once again for explaining that Theorem p.q should be a conse- 
quence of the construction of 'Sg,q- 
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To complete the construction, it remains to show that the action of t coming from 
the embedding r is indeed integrable. 

Obviously, for any O'-module S' on Y, the pull-back 7r*(S') is X-equivariant with 
respect to the ET-action on G{(t)) by left translations. We will prove the following 
proposition: 

Proposition 6.7. For § G D-mod(y) the right action of i on Sec(S) coincides with 
the t-action coming from the K -equivariant structure on 7r*(Fy(S)). 

Proof. Let us view Sec as a functor from D-mod(y) to the category of 2)G^o-™odules 
supported at x. 

The difference of the two actions of t for a given S G D-mod(y) is a map 

d : « ^ Endc(Sec(S)), 

which commutes with both the left 0((t))- and the Oc((-()) -actions on Sec(§). 

In other words, d is a map from i to the endomorphism ring of the functor S i-^ 
Sec(§). Our goal is to prove that d = 0. 

Let us first consider the case when S is the 5-function D-module 6i on Y, i.e. the 
direct image of C under pt — > y corresponding to the coset of 1 G G{{t)). It is easy to 
see that the corresponding 1)G,o-^^odule identifies with Indj (Ok) with the natural 



g((t))- and 0(5((()) -actions, cf. Proposition |6.2| . In particular, it is generated by a 

canonical element lean ^ Indj (Ox)- 

Therefore, the map d : t — > End(Sec(§)) vanishes for S = (5i. Indeed it is enough to 
show that d(lca„) = 0, but this follows immediately from the construction. 

Observe now that the action of G((t)) by right translations induces endo- functors of 
D-mod(y) and 1)G,o-'<^od, which commute with the functor Sec in the natural sense. 
By construction, for every /c G 6, d{k) G End(Sec) commutes with this G((i))-action. 

In particular, since every 6y for y G y, can be obtained from 5i as a G-translate, we 
conclude that d : t — > End(Sec((5j/)) vanishes for all y (zY. 

The above observations imply what we need: 

First, every subscheme of Y admits a Zariski-open cover over which the morphism 
TT admits a section. Thus, let Y' be a locally closed subscheme of Y and s be a map 
Y' — > G{{t)). Then, any D-module § on Y' is isomorphic as an 0-module to s*(7r*(S)). 

In particular, d defines a map from € to the endomorphism ring of the the forgetful 
functor Fy> : D-mod(y) -^ O'-mod(y), and it is known that End(Fy/) ~ Oy/. 

However, since d "kills" all the D-modules of the form 5y, the map d vanishes 
identically. 

D 

6.8. Examples. Let us now describe the right D-module S^ac on Y corresponding to 
the vacuum representation Vg,q (this was somewhat implicit in the proof of Proposi- 
tion |6.7| above): 

This §yac will be the direct image of a certain right D-module on i^\G[[f]] under 
the closed embedding ivr\G[[t]] "^-> Y. The corresponding D-module on if\G[[t]] is 
constructed as follows: 
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As an O-module it is isomorphic to C)_R-\Gfftll ^^'^^ for the left-invariant vector field 
C' G Ue{K\G[[t]]) and / G OkxgM] we set: /-^^ := - Lie^i(/). This defines a D-module 
structure completely, since left-invariant vector fields and functions generate the ring 
of differential operators. 

Note that in this construction it was crucial that Er\G[[t]] is a group: on an arbitrary 
variety Z, Oz carries a canonical left D-module structure but, in general, no right D- 
module structure. 

To produce another set of examples, let us recall, cf. Q, Sect. 7.11.6, that on any 

ind-scheme Y of ind-finite type, the forgetful functor Fy '■ D-mod(l") — > 0' -mod(y) 

has an exact left adjoint, which will denote by ly- (When y is a smooth variety, ly is 

given by J 1-^ 3" (g) Dy.) 
Oy 

Thus, let us start with an O-module 3" on y and consider the corresponding ©co- 
module Sec(/y(5')). We claim that it can be described as follows: 

The pull-back vr*(3") as an O'-module on G((t)), equivariant with respect to the K- 
action by left translations. We regard T{G{{t)),-K*{3^)) as a K-module and consider 

the induced gQ,-module Indj*^ (7r*(3")). (Here Q' = —Qo', recall also that the induction 

Ind^'' is understood in the sense that 1 G C C q'q, acts on the induced module as the 
identity) . 

This module carries a compatible OG'((i))-action. Hence, as in Proposition x2, it is 
naturally a Sco-n^odule. The right X-action on it is integrable by construction and 
we claim that it can be canonically identified with Sec(Iy(3")). 

Indeed, we have a tautological map of g^z-modules Indj'' (7r*(9")) —^ Sec(/y(?')), 
which sends vr*(3") identically to vr*(9") C 7r*(/y(9")). To prove that it is an isomorphism 
we proceed as follows: 

Since Y is formally smooth, cf. [^, Theorem 4.5.1 and Proposition 7.11.8, -Fy(Iy(3')) 
carries a canonical filtration such that the associated graded object identifies with 

9" Sym(Ty), where Ty is the tangent sheaf on Y. The g^,, -module Ind^'' (7r*(3")) 

Oy 
carries a canonical filtration as well and the above map is compatible with filtrations. 

To prove our assertion, it suffices to observe that the induced map of the graded objects 

is 

gr(Indf«'(7r*(:J))) :^r(G((t)),vr*(J))0Sym(0((f))/t) ^ 

c 

r(G((t)),^*(:J ® Sym(ry))) =. gr(Sec(Iy(:J))). 



6.9. Proof of Theorem B.5. First, since Y is formally smooth, the functor Fy is 
exact and, hence, the functor Sec : D-mod(y) — > S)^g-mod is exact as well. We claim 
now that it is fully-faithful: 

According to |p, Sect. 7.11.8-9, we can think of D-modules on Y, as of 0-modules 
endowed with a compatible right action of the tangent algebroid Ty . Since the natural 
map 0((t)) Oy -^ Ty is surjective, the functor Sec is fully-faithful. 
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Hence, it remains to show that Sec is surjective on objects. However, every object 

K 
Gfl' 



of S)^Q-mod can be represented as a quotient of an object of the form 



where A^ is a right-i^-integrable continuous Ofj((())-module. 

Since we know that all objects of this form are in the image of our functor, the 
theorem follows. 

Remark. Let us denote by M i— > Loc(M) the quasi- inverse functor of Sec. Explicitely, 
it can be described as follows: 

Let M be an object of S)^Q-mod. Then M can be thought of as a i^-equivariant 
O'-module on G((t)), and hence, gives rise to an 0-module on Y . It acquires a natural 
(right) action of the Lie-algebroid 0((t)) ® Oy (from minus the left 0((t))-action on M). 

Hence, the content of Theorem |6.5| is that the above 0((t))(8'Oy-action factors through 
the action of the tangent algebroid Ty ■ 

6.10. The category of D-modules on G{{t)). Let now Ki C G[[i\] be another 
normal subgroup, contained inside K. Denote Yi := Ki\G{{t)). We have the natural 
exact pull-back functor 

^^^ y = TTY^y[-{<Xiui{K/K'))] : D-mod(y) -^ D-mod(y')> 

where TTy^y : Yi ^ y is the canonical projection. 

Thus, one possible candidate for the category of D-modules on G{{t)) is the ind- 
completion of the direct limit category 

D-mod (G((t))) := ind. comp. ( lim (D-mod(Y))). 

Kcam] 

Note, however, that the functors Fy^ o ny y and ny y o Fy from D-mod(y) to 
O'-mod(yi) differ by the determinant line: for a D-module 8 on Y, 

c 

Correspondingly, the functors Sec : D-mod(y) —> S)^g-mod for different subgroups 
K are compatible only up to a twist by the above 1-dimensional vector space. 

Note that the ind-completion of the direct limit category lim (2)^ q -mod) identifies 

KCGllt]] 

with the category of all chiral DG,o-™odules supported at x. 

Now, Theorem ^^ suggests that the above category of chiral Sco-inodules is also 
a reasonable candidate to be called the category of D-modules on G{{t)). However, as 
we have just seen, there is no canonical equivalence (and, propably, no equivalence at 
all) between it and the above category D-mod (G((t))). 
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